A static Einstein metric that generalizes the Schwarzschild metric is considered. The event horizon is not necessarily a sphere and the term dt 2 is a function on such horizon. That the metric is Einstein establishes a relation between its terms. One demonstrates that the scalar curvature of the horizon is constant, and that the term dt 2 gives rise to (i) the metric of the horizon being Einstein, or (ii) the scalar curvature of the horizon being proportional to an eigenvalue of the Laplace operator.
Introduction
We look for metrics that are not Ricci flat, but whose Ricci tensor is proportional to the metric; this condition on a metric defines what is known as an Einstein metric: R ij = Λg ij . The factor Λ is necessarily constant, as can be seen from the Bianchi identity for the curvature. In physical terms, when the metric signature is Lorentzian, these are solutions of the vacuum Einstein equations with a cosmological constant Λ.
As an example, consider the curvature tensor of the Two-Sphere. The Ricci tensor R µν has the components R θθ = 1 R θφ = 0 R φφ = sin 2 θ.
These equations can succinctly be written as
showing that the standard metric on the two-sphere is an Einstein metric.
Static Einstein metric formulas are used, among others, in:
• Rotating charged string black holes of space dimension greater than Two [1, 2] .
• Black holes of String Theory in 4 dimensions [3] .
• Static electric and magnetic string black holes [3] .
• The modified Newtonian dynamics paradigm [4] , where the Einstein metric is related to the physical metric by exploiting the direction defined by the gradient of the scalar field (this sidesteps the problem of theories predicting extragalactic gravitational lensing which is too weak if there is indeed no dark matter).
• Magneto-dilatonic Bianchi-I cosmology, where the properties of the string metric turn out to be quite similar to those of the Einstein metric [5] .
• To compute the thermal stress tensor in a static Einstein space [6] , where the stress tensor is obtained first in a static metric with g 00 constant, and then the methods of Brown and Cassidy are extended to give it in the conformally related static Einstein metric, where it is conserved and has the correct trace.
We consider a static Einstein metric that generalizes the Schwarzschild metric. The event horizon is not necessarily a sphere and the term dt 2 is a function on such horizon. That the metric is Einstein establishes a relation between its terms. One demonstrates that the scalar curvature of the horizon is constant, and that the term dt 2 gives rise to (i) the metric of the horizon being Einstein, or (ii) the scalar curvature of the horizon being proportional to an eigenvalue of the Laplace operator. This result does not seem to have been published before.
Statement

Consider
• a natural number n greater than Two,
• two open intervals I 1 and
• an open Euclidean set S of dimension n-1,
• a real and differentiable function f on I 2 ,
• a real and twice differentiable function g on I 2 ,
• a real and twice differentiable function h on the Cartesian product of I 2 times S, • a metric on S, and • the (pseudo) metric
on the Cartesian product of I 1 , I 2 and S.
Theorem 1. Suppose that the metric is Einstein. Then, 1) the scalar curvatures of the metrics and are constant, 2) there exist • a differentiable function φ on I 2 , and
3) the functions f and φ can be written in terms of • the derivatives of up to first order of the function g, and • the scalar curvatures of the metrics and , 4) either a) the function ϕ is an eigenfunction of the Laplace operator in the metric , with an eigenvalue that is proportional to the scalar curvature of the metric , or b) • the function h is constant on the set S, and
• the metric is Einstein.
Proof of Theorem 1
We write the Ricci tensor of the metric in terms of
• the derivatives of the functions f , g and h, and • the Ricci tensor of the metric .
We denote by 
We now calculate the scalar curvature. We denote by R the scalar curvature of the metric , and R the scalar curvature of the metric .
Lemma 2.
The term dt ⊗ dt
We consider the term dt ⊗ dt of the Einstein equation. Since the scalar curvature of an Einstein metric is constant, we will conclude that
• the scalar curvature of the metric is constant, and that • the function f can be written in terms of -the derivatives of up to first order of the function g, and -the scalar curvatures of the metrics and .
Suppose that
Multiply (3) by 2, and subtract from (2) to obtain
Suppose now that R is constant. Let us solve for the function f .
Lemma 3.
1) R is constant, and 2) a real number r exists so that (5) e 2f = − e (n+2)g (n − 2)(n − 1)n(n + 1)g ′ 2 e 2g (n − 2)nr + e (n+2)g (n − 2)(n − 1)R − e ng n(n + 1)R .
1) It follows from (4).
2) Integrate (4).
The crossed term
We consider the term (1) of the Einstein equation. Since the metric does not have a crossed term, the function h can be written in a particular form.
Then, there exist
• a differentiable function φ on I 2 , and • a differentiable function ϕ on S, such that (6) e h = e g (φ + ϕ).
The term dx ⊗ dx
We consider the term dx ⊗ dx of the Einstein equation. There are two cases:
1) • The function φ can be written in terms of -the function g, and -the scalar curvatures of the metrics and , and • the function ϕ is an eigenfunction of the Laplace operator with eigenvalue the quotient of the scalar curvature R and -2+n.
2) • The function h
-is constant on the set S, and -can be written in terms of (i) the function g, and (ii) the scalar curvatures of the metrics and , and • the metric is Einstein.
Lemma 4.
Replace (5) and (6) in (7).
Case r=0
In this case,
• the function φ can be written in terms of -the function g, and -the scalar curvatures of the metrics and , and • the function ϕ is an eigenfunction of the Laplace operator with eigenvalue the quotient of the scalar curvature R and -2+n.
Let us solve for the function φ. By (8),
Integrate (9) to obtain:
Lemma 5. A real number r ′ exists so that
Lemma 6. The function ϕ is an eigenfunction of the Laplace operator with eigenvalue the quotient of the scalar curvature R and -2+n.
(n − 2)∆ ϕ = R ϕ.
Replace (5), (6) and (10) in (2).
Case r =0
• the function h -is constant on the set S, and -can be written in terms of * the function g, and * the scalar curvatures of the metrics and , and • the metric is Einstein.
Lemma 7. The function h is constant on the set S.
By (8), ϕ is constant. By (6), h is constant on S.
Suppose now that the trace of (11) Ricci −Hess h−dh⊗dh+e
with respect to is Zero. Let us solve for the function h. Replace (5) in the trace of (11) with respect to to obtain (12) (n−2)nr((n−2)g ′ +2h ′ ) = 2e ng (n−2)(n−1)R (g ′ −h ′ )+e −2g n(n+1)R h ′ .
Integrate (12) to obtain:
Lemma 8. A real number r ′ exists so that (13) e 2h = r ′ e −(n−2)g (n − 2)nr + e 2g (n − 2)(n − 1)R − n(n + 1)R .
The metric is Einstein if and only if metric is Einstein.
Lemma 9.
Ricci − R n + 1 = Ricci − R n − 1 .
Use (5) and (13).
